A general analysis for the first-order design of the twoconjugate zoom system, which consists of three lenses and has a real or virtual image, is presented. The design formulas are derived. Of twoconjugate zoom systems, we analyze the solution areas in the system parameter diagrams under two particular initial conditions in which the object/image and pupil magnifications of the middle lens are taken to be 1 and Ϫ1 or Ϫ1 and 1. Two design methods are proposed. Several examples are given to demonstrate the proposed design procedures.
Introduction
A zoom system is generally considered to consist of three parts: the focusing, zooming, and fixed parts. The focusing part is placed in front of the zooming part, to adjust the object distance. The zooming part is literally used for zooming and the fixed rear part serves to control the focal length or magnification and reduce the aberrations of the whole system. Some published papers 1 concentrate on the first-order zoom design in which only the object/image distance is fixed. However, few of them discuss the possible solutions in the first-order design. Oskotsky 2 describes a graphoanalytical method for the first-order design of twolens zoom systems and discusses the region of Gaussian solution. Johnson and Feng 3 use a methodology to discuss the potential solutions for a mechanically compensated zoom lenses with a single moving element. We have also proposed a two-optical-component method for designing zoom system. 4 In a general zoom system, the aperture stop is usually placed after the moving elements and before a fixed lens, so the exit pupil position is fixed but the entrance pupil position varies widely in zooming. In some optical systems, the wandering of the entrance pupil is not a great disadvantage. However, the variation of the entrance pupil position could be a very serious disadvantage for a large-zoom-ratio system or a zoom-phase-contrast microscope.
A two-conjugate zoom system is the one in which not only the object and image but also the entrance and exit pupils are fixed during zooming. Such a zoom system requires at least three lenses that move separately. Hopkins 5 proposed the first-order design formulas for a special symmetrical two-conjugate zoom system. In that case, the powers of the first and third lenses are the same and the middle lens has a power with an opposite sign; the distance from object to entrance pupil and the distance from image to exit pupil are equal, but in opposite direction; the object/image and pupil magnifications are numerically reciprocal and in opposite sign; and the power of the system is the same for any given magnification and its reciprocal. In the mean position of zooming, he assumes the system has object/ image magnification M ϭϪ1 and pupil magnification M ϭ1, and the magnification of the middle lens M 2 is Ϫ1. Following the method described by Hopkins, Shiue 6 discussed the two-conjugate zoom system with M ϭ1, M ϭϪ1, and M 2 ϭ1 in the mean position of zooming.
In this paper, we analyze a general two-conjugate zoom system that consists of three lenses and has a real or virtual image. The powers of the three lenses and the positions of object, image, entrance, and exit pupils are not constrained as those in the symmetrical system proposed by Hopkins. 5 To simplify the design, we discuss two special twoconjugate zoom systems in which the object/image and pupil magnifications of the middle lens at the initial condition are 1 and Ϫ 1 or Ϫ1 and 1. In both cases, we find the possible solutions for the positions of object, image, entrance, and exit pupils, which are related to the power values of the three lenses, with the graphoanalytical method. 2 Two design methods are discussed. Four examples are presented to demonstrate this analysis.
second principal plane to the image, respectively. Similarly, l¯and l¯Ј are the distances from the first principal plane to the entrance pupil and the second principal plane to the exit pupil. In this paper, the distance to the right of the reference point is positive; that to the left is negative. In this analysis, we take the paraxial and thin-lens approximations. For a thin lens, both the principal planes coincide with the lens. The general conjugate equation gives
where K and F are the equivalent power and focal length of the system, respectively; Lϭ(OE) is the distance from object to entrance pupil of the system; and LЈϭ(OЈEЈ) is the distance from image to exit pupil of the system. From Gaussian optics, we have
͑2͒
LЈϭl¯ЈϪl Јϭ͑ M ϪM ͒F.
͑3͒
With the distance from the first to the second principal plane, ⌬ϭ͑HHЈ͒, we have
where P is the distance from object to image ͑OOЈ͒. For a three-lens system with powers K 1 , K 2 , and K 3 and interlens separations d 12 and d 23 , the power K and the distance ⌬ are given by
where dϭd 12 ϩd 23 . Here, d 12 can be expressed as
where M 1 (M 1 ) and M 2 (M 2 ) are the object/image ͑pupil͒ magnifications of the first and second lenses, respectively. Using Eqs. ͑7͒ and ͑8͒, we have
Similarly, d 23 can be expressed as
From Eqs. ͑10͒ and ͑11͒, we have
Note that L and LЈ can also be regarded as the distances from object to entrance pupil of the first lens and from image to exit pupil of the third lens, respectively. So we have
͑14͒
From Eqs. ͑1͒ to ͑6͒ with different values of K 1 , K 2 , and K 3 , we can obtain a zoom system. However, it is difficult to get a satisfactory result by generally solving the preceding equations. To get a desirable solution easily, some constraints in solving are needed.
Two Special Initial Conditions
As mentioned, the special initial conditions in which the object/image magnification M 2 and pupil magnification M 2 of the middle lens are 1 and Ϫ1 or Ϫ1 and 1 in the initial position are assumed. In the following, we discuss the solutions under these two initial conditions.
Case 1: M 2 ϭ1 and M 2 ϭϪ1
In this case, the marginal ray is through the center of the middle lens, as shown in Fig. 2 . Substituting M 2 ϭ1 and M 2 ϭϪ1 into Eqs. ͑9͒ and ͑12͒, we have Fig. 1 Diagram of the Gaussian optics: P and P are the distance from object to image and the distance from entrance to exit pupil, respectively.
In paraxial approximation, we have
͑20͒
Equations ͑17͒ to ͑20͒ indicate the positions of object, entrance pupil, image, and exit pupil. From these equations, we find that the positions of two pairs of conjugate planes are related to the values of F 1 , F 2 , and F 3 , and the values of object/image and pupil magnifications of each lens. Substituting the initial condition, M 2 ϭ1 and M 2 ϭϪ1, into Eqs. ͑7͒, ͑8͒, ͑10͒, and ͑11͒ and using Eqs. ͑18͒ and ͑20͒, we get
The Tables 1 and 2 and for l 3 Ј and l¯3 Ј in Tables 3 and 4 .
By using Eqs. ͑15͒, ͑18͒, and ͑21͒, F 1 2 /(F 1 ϩ2F 2 ) in Table 2 becomes Solution Ranges of l¯1
or (l¯1ϩF 1 )Ͻ0
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Here d 12 must be positive. The value of 1ϩd 12 ͑l¯1ϩF 1 ͒/F 1 2 is greater than 1 if l¯1ϩF 1 Ͼ0 and is between 0 and 1 if l¯1ϩF 1 Ͻ0 and F 1 ϩ2F 2 Ͻ0, so the inequality equation By using Eqs. ͑16͒, ͑20͒, and ͑24͒, the term ϪF 3 2 /(F 3 ϩ2F 2 ) in Table 4 becomes
͑28͒
Here d 23 must be positive. The value of 1
2 is greater than 1 if l¯3 Ј Ϫ F 3 Ͻ 0 and is between 0 and 1 if l¯3 Ј Ϫ F 3 Ͼ 0 and F 3 ϩ2F 2 Ͻ0, so the inequality Table 4 is always true. It means that the constraints l¯3
By using Eqs. ͑15͒, ͑17͒, and ͑18͒, the term F 1 ϩ2F 2 in Table 2 can also be written as
The curve for F 1 ϩ2F 2 ϭ0 is a hyperbola in the l 1 ϳl¯1
diagram. The solution distribution in the diagram is thus divided into several areas by the hyperbolic curves and the sign of F 1 ϩ2F 2 . By using Eqs. ͑16͒, ͑19͒, and ͑20͒, F 3 ϩ2F 2 in Table 4 can be expressed as
Thus, F 3 ϩ2F 2 ϭ0 gives another hyperbola in the l 3 Ј ϳ l¯3 Ј 
in the image ͑exit pupil͒ space of the third lens to make the magnifications have the same sign in each quadrant. Figure 3 shows the solution areas of the object distance and entrance pupil distance of the first lens for different combinations of F 1 and F 2 . Each solution area gives some constraints on the signs of the related parameters including F 1 ϩ2F 2 , M 1 , and M 1 . From Eq. ͑15͒, the sign of (M 1 ϪM 1 ) in each area is determined by the sign of F 2 , which is given when the solution area is chosen. The sign of Lϭ͑l¯1Ϫl 1 ͒, which is the distance from object to the entrance pupil, is positive in the upper-left section and negative in the lower-right section.
Similarly, Fig. 4 shows the solution areas of the image distance and exit pupil distance of the third lens for different combinations of F 2 and F 3 . This figure shows the constraints on the signs of the related parameters, including F 3 ϩ2F 2 , M 3 , and M 3 , in each solution area. Similar to L, the sign of LЈ ϭ (l¯3 Ј Ϫ l 3 Ј), which is the distance from im- Solution Ranges of l¯3 Ј
Yeh, Shiue, and Lu: First-order analysis of a two-conjugate zoom system age to the exit pupil, is positive in the upper-left section and negative in the lower-right section. In Figs. 3 and 4 , on the boundaries of solution areas the solutions of interlens separation may be zero or infinite and are not discussed here. If the solution points are on the hyperbolic curves in Figs. 3 or 4, we would have the results of F 1 ϩ2F 2 ϭ0 or F 3 ϩ2F 2 ϭ0.
Case 2: M 2 ϭϪ1 and M 2 ϭ1
In this case, the principal ray is through the center of the middle lens as shown in Fig. 5 , Substituting M 2 ϭϪ1 and M 2 ϭ1 into Eqs. ͑7͒ to ͑12͒, we get
͑38͒
We also have the same equations as Eqs. ͑17͒ to ͑20͒, l¯1ϭ
͑41͒
l¯3 Јϭ͑1ϪM 3 ͒F 3 .
͑42͒
In the same way as we did in case 1, we get the solution ranges for l 1 , l¯1, l 3 Ј , and l¯3 Ј , as listed in Tables where
and
͑46͒
Using Eqs. ͑5͒ and ͑44͒, we find
where
We substitute the given values of L, LЈ, and P, which are from the initial position, into Eqs. Solution Ranges of l¯1 or (l 1 ϩF 1 )Ͻ0 Solution Ranges of l¯3 Ј Yeh, Shiue, and Lu: First-order analysis of a two-conjugate zoom system distance l 3 Ј from the last lens to the image in any zooming position. In doing so, we need the values of ␦ ͑the distance from the first moving lens to the first principal plane H͒ and ␦Ј ͑the distance from the last moving lens to the second principal plane HЈ͒, as shown in Fig. 1 . These quantities can be calculated using
So l 1 and l 3 Ј are given by
where l ϭ(1/M Ϫ1)F and l Јϭ(1ϪM)F.
Design Methods
To simplify the solving of a two-conjugate zoom system, we could give some related parameters in the initial position of zooming. If one of the two special initial conditions is selected as mentioned in Sec. 2.2, M 2 and M 2 will be determined. Besides, it can be seen from Eqs. ͑15͒ to ͑26͒ or Eqs. ͑31͒ to ͑42͒ that we still need the other five parameters, which could be the focal lengths of the three lenses, the object or entrance pupil distance from the first lens, the image or exit pupil distance from the third lens, the object/ image or pupil magnifications of the first and third lenses, and the distance from object to image, etc. We propose two useful calculating procedures as follows.
3.1
Given l 1 , l¯1, l 3 Ј , l¯3 Ј , and F 1
According to the system requirements and the expected signs of powers for the three lenses, we give the positions of the object, entrance pupil, image and exit pupil in the initial position and obtain the values of L and LЈ. One of the solution areas of Figs. 3 or 6 for l 1 and l¯1 can be 
Combining this equation with Eqs. ͑19͒ and ͑20͒ or Eqs. ͑41͒ and ͑42͒, we have M 3 as follows:
and M 3 is given by Eq. ͑52͒. 
͑54͒
If the initial structure is not satisfactory or the values of l 3 Ј Ϫ F 3 and l¯3 Ј Ϫ F 3 together with F 2 and F 3 are not located in the solution areas of Figs. 4 or 7 for l 3 Ј and l¯3 Ј , we should adjust the related input parameters or choose another solution area. After obtaining the desirable result and the structure of zoom system under the initial condition, we can calculate the related parameters during zooming.
In zooming, the system magnification M changes; L, LЈ, and P, which we have known from the initial position, remain constant. We can find K and K⌬ with Eqs. ͑1͒ and ͑4͒ for any M value. We then find the interlens separations d 12 and d 23 from Eqs. ͑44͒ and ͑47͒, and the object and image distances l 1 and l 3 Ј from Eqs. ͑50͒ and ͑51͒ during zooming. If the loci of the lenses are not smooth or the zoom ratio of the system is too small, of course, we can readjust the related input parameters or select the other initial condition.
Given L, l 1 (or l¯1), P, M, and F 1
In practical design, the value of Lϭ͑l¯1Ϫl 1 ͒ is often given from the preceding system and the object/image distance P will also be a given value if the zoom lens is used as a relay system. In this case, if the object ͑or entrance pupil͒ distance from the first lens, l 1 ͑or l¯1͒ is given, we will find l¯1 ͑or l 1 ͒ from Lϭ͑l¯1Ϫl 1 ͒. The system magnification M may also be taken as an input parameter in the initial position. In this case, the value of M is often taken as 1 or Ϫ1.
According to the given values of l 1 , l¯1, P, and M , and the expected signs of powers for the three lenses, we choose one of the solution areas of Figs. 3 or 6 for l 1 and l¯1.
Since the initial condition gives the values of M 2 and M 2 , we can calculate M 1 and M 1 with Eqs. ͑17͒ and ͑18͒ or Eqs. ͑39͒ and ͑40͒ if a value of F 1 is given according to the constraint in the chosen solution area. We also find the value of F 2 from Eqs. ͑15͒ or ͑31͒ and obtain the focal length F 3 of the third lens from the following equations:
The M 3 value is calculated with the following formulas:
͑58͒
where P is the distance from entrance to exit pupil ͑EEЈ͒ and we have
͑59͒
l 3 Ј and l¯3 Ј are calculated from Eqs. ͑19͒ and ͑20͒ or Eqs.
͑41͒ and ͑42͒, and LЈ is then found from Eq. ͑14͒. and the object and image distances l 1 and l 3 Ј with the procedures described in Sec. 3.1.
Examples
Using the method described, we design four different zoom systems. To obtain a zoom ratio R, the zoom system is usually arranged to have the overall magnification varied from ͉M ͉ϭͱR to ͉M ͉ ϭ 1/ͱR.
Example 1:
Given l 1 ϭ90, l¯1ϭϪ130, l 3 Ј ϭ Ϫ80, and l¯3 Ј ϭ 125
In this example, the object and image are virtual and the entrance and exit pupils are real in the initial position so that L is negative and LЈ is positive. We can find several possible solution areas in Figs. 3 and 6 . If we expect that the zoom system comprises two positive lenses and a negative lens in between and has M 2 ϭ1 and M 2 ϭϪ1 as the initial conditions, the solution area marked with (IVb) of Fig. 3͑b͒ Fig. 7͑b͒ for l 3 Ј and l¯3 Ј . During zooming, the result is shown in Fig. 9 . The system has a zoom ratio of 16:1. The magnification M is from Ϫ4 to Ϫ0.25.
Example 3:
Given l 1 ϭϪ105, l¯1ϭ80, l 3 Ј ϭ 105, and l¯3 Ј ϭ Ϫ80
Here the object and image are real and the entrance and exit pupils are virtual in the initial position. Fig. 10 . The system has a zoom ratio of 16:1. The magnification M is from Ϫ4 to Ϫ0.25.
Example 4:
Given Lϭ195, l 1 ϭϪ105 (or l¯1ϭ90), Pϭ270, and MϭϪ1
In this case, the object is real and the entrance pupil is virtual in the initial position, so that L is positive. We expect that the system has two positive lenses and a negative lens in between. Fig. 7͑b͒ . During zooming, the result is shown in Fig. 11 . The system has a zoom ratio of 16:1 and the magnification M is from Ϫ4 to Ϫ0.25. Fig. 8 Loci of three lenses in zooming. This system has virtual object and image with F 1 ϭ50, F 2 ϭϪ24.5536, F 3 ϭ48.5234, and zoom ratioϭ16. The distance from object to image P is Ϫ107.654, the distance from entrance to exit pupil P is 317.347, and LϭϪ220 and LЈϭ205. Fig. 9 Loci of three lenses in zooming. This system has real object and image with F 1 ϭ50, F 2 ϭϪ20.3704, F 3 ϭ46.4075, and zoom ratio ϭ16, and L and LЈ are the same as that in Fig. 8 . The distance from object to image P is 304.330, and the distance from entrance to exit pupil P is 729.330.
Fig. 10
Loci of three lenses in zooming. This system is symmetrical and has real object and image with F 1 ϭ40, F 2 ϭϪ18.9744, F 3 ϭ40, and zoom ratioϭ16. The distance from object to image P is 263.333, the distance from entrance to exit pupil P is Ϫ106.667, and Lϭ185 and LЈϭϪ185.
Discussion
For the first-order design of two-conjugate zoom lenses, we have analyzed the possible solutions for the positions of two pairs of conjugate planes that correspond to the object/ image and pupils. 2 and M 2 , which correspond to the different initial conditions described in Sec. 2.2. We also find that the system in example 1 is more compact than that in example 2. In examples 1 to 4, the L and LЈ have opposite signs; this means that the direction from O to E is opposite to that from OЈ to EЈ. However, this is not a necessary condition in our design theory. Systems for different combinations of signs and values of L and LЈ can be solved only if the positions of two pairs of conjugate planes are located in the solution areas shown in the l 1 ϳl¯1 and l 3 Ј ϳ l¯3 Ј diagrams.
In many practical designs, we usually expect the initial condition is specified in the mean position of zooming, in which the system magnification M is ϩ1 or Ϫ1. In this special case, we have one more constraint: ͉M 1 ͉ is the reciprocal of ͉M 3 ͉ due to M ϭM 1 M 2 M 3 . The signs of M 1 and M 3 are the same or not depending on the sign of M 2 , ϩ1 or Ϫ1, such as in example 4. The formulas derived in this paper are suitable for the general two-conjugate zoom systems including the symmetrical systems described by Hopkins, who assumed F 1 ϭF 3 , LϭLЈ, l 1 ϭϪl 3 Ј , and l¯1ϭϪl¯3 Ј in the mean position to be the necessary conditions. Example 3 is such a case.
Conclusion
As we know, a proper first-order layout often gives a satisfactory lens design. In general, the layout design of a two-conjugate zoom system is more difficult than that of an ordinary zoom system since both the entrance and exit pupils must be fixed during zooming. However, with the analysis of the solution areas in the 2-D diagrams for two pairs of the parameters ͑l 1 ,l¯1͒ and (l 3 Ј ,l¯3 Ј), we can easily find the solutions for the two-conjugate zoom lens.
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